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Automated Illustration of Molecular Flexibility
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Abstract—In this paper, we present an approach to creating illustrations of molecular flexibility using normal mode analysis (NMA).

The output of NMA is a collection of points corresponding to the locations of atoms and associated motion vectors, where a vector

for each point is known. Our approach abstracts the complex object and its motion by grouping the points, models the motion of each

group as an affine velocity, and depicts the motion of each group by automatically choosing glyphs such as arrows. Affine exponentials

allow the extrapolation of non-linear effects such as near rotations and spirals from the linear velocities. Our approach automatically

groups points by finding sets of neighboring points whose motions fit the motion model. The geometry and motion models for each

group are used to determine glyphs that depict the motion, with various aspects of the motion mapped to each glyph. We evaluated

the utility of our system in real work done by structural biologists both by utilizing it in our own structural biology work and quantitatively

measuring its usefulness on a set of known protein conformation changes. Additionally, in order to allow ourselves and our collaborators

to effectively use our techniques we integrated our system with commonly used tools for molecular visualization.

Index Terms—Illustration, Motion, Molecular Visualization.
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1 INTRODUCTION

Static images illustrating the motion or flexibility of molecules

are valuable, but difficult to create. Our core application is

depicting the results of normal mode analysis (NMA) of

protein structures through automated illustration. Background

on NMA is provided in Section 2.1, but briefly, it provides

information on how segments of a protein molecule may move,

indicating a velocity vector for each atom in a molecule. Other

types of molecular flexibility analysis, including hinge finding

and factoring of molecular dynamics traces, provide similar

data, and can also be visualized with our approach. In fact,

data where velocity information is known for a collection

of points (a form of vector field data) is common across

science and engineering, and our approach may have broad

applicability. In Section 2.2 we describe why traditional vector

field visualization approaches are ineffective for the types of

problems we consider.

Displaying the flexibility or the potential motion of a

molecule is challenging. It may have hundreds or thousands of

distinct points (atoms), all moving in different, but coordinated

ways. The specifics of each atom’s movement are rarely of

interest, as the analysis models do not provide that degree

of fidelity. When fine details are of interest, they are studied

only after understanding the more coarse-grained movement

of the overall molecule. Therefore, our approach to illustrating

these complex motions is to focus on creating abstractions that

convey the key aspects of the potential changes. Specifically

we are looking at large potential conformational changes of

large fractions of a given molecule which are indicated by the

vector field and our visualizations must reflect this.
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Our approach to motion depiction is to augment the geom-

etry of the object with 3D glyphs, such as arrows, as shown in

Figure 1. Each glyph summarizes the motion of a portion of

the object. Our approach provides techniques for automatically

dividing the object into parts that move coherently, model-

ing these coherent motions, and synthesizing the appropriate

glyphs. The 3D glyphs are created automatically. We have

implemented the approach and integrated it into a system

for normal mode analysis of proteins, however our system

can read and display other types of velocity field data such

as the results of principal component analysis performed on

molecular dynamics.

Motivation: The most common method for showing motion

is animation. Moving imagery is great for many applications

but it is impractical in print, which still dominates scientific

dissemination. Even when animated display is possible, static

depiction is still valuable. A static display can provide a quick

summary of movement, without requiring the viewer to wait

through a long sequence. Furthermore, static depictions can

be much more effective than animations when it is desirable

to quantify how different pieces of a moving object move in

relation to each other or how different objects move differently

because static illustrations facilitate direct comparisons rather

than requiring the viewer to remember aspects of the motion.

In cases where comparisons between multiple conformations

of a protein or multiple different modes are desired, illustra-

tions are more useful than animations because they allow quick

visual comparisons rather than requiring remembering details

of one animation while watching another.

Sometimes the output of NMA is thought of as a set of

displacement vectors. More precisely, it is a local lineariza-

tion about the current state of the molecule. If the state of

the molecule changes, the vectors will also change. These

velocities are commonly used to create the displacement based

animations which are used to interpret normal mode results.

However, because these velocities necessarily must change as

the molecule changes state, any actual displacements of the
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Fig. 1. Left: illustration of a normal mode of a protein taken from a journal publication [24]. Right: the same data,

illustrated automatically by our approach. Note that we display all atoms as spheres because this depiction is effective

at showing the groupings, whereas the journal figure shows a cartoon drawing of the protein (PDB:2ICY), showing the

secondary structure. Our approach can be combined with most molecular depictions, including cartoon drawings (see

Figure 10 for an example).

objects are extrapolations because the given velocities are only

correct for the exact configuration which they are generated

in. In current applications1, these extrapolations are done in

a simple way that distorts the objects and may give incorrect

impressions of the motions. Structural biologists and others

who use normal mode analysis can be trained to understand

these limitations and interpret the animations correctly. It is

our intent that our illustrations effectively complement existing

visualization techniques using animation for understanding

normal mode analysis.

1.1 Overview

NMA provides a collection of points, each with a position

and a vector. This input to our system is the result of most

commonly used normal mode analysis techniques. These tech-

niques are commonly used among structural biologists. This

collection of points and associated vectors representation is

how most normal mode analysis convey molecular flexibility.

In our approach, each illustration represents one basis vector

or mode. A naı̈ve (but common) approach to visualizing this

vector field is to show an arrow for each point (or a subset

of the points) indicating its vector. An example of such an

illustration, taken from a chemistry publication [24], is shown

in Figure 1. There are many issues with such depictions.

They quickly become cluttered, relatively small flexible groups

are hard to see, the significant features of the flexibility,

1. All tools for generating molecular animations from normal mode analysis
we are aware of, including the very common elNémo [32], perform simple
linear extrapolation.

particularly how groups move in a coordinated fashion, are

difficult to discern, and the depiction of linear velocities

misrepresents the likely trajectories.

These problems can be seen at a smaller scale in the

simple example of Figure 2. It is important to note that the

interpretation of this as two rigid objects rotating is only one

possibility. However, given knowledge of the science and other

assumptions, such interpretations are likely to be preferred. In

our core molecular application, scientists often seek to identify

near rigid components within proteins. Also, the interpretation

of a number of points as a rotation provides a concise and easy

to depict description of the motion.

Under the interpretation of Figure 2 as two rotations issues

in the individual arrows can be seen. The arrows are not really

the trajectories of the points, if nothing else they lack the

circular arc paths of a rotation. Extrapolation of the positions

of the points is impossible. Noticing that the velocities form

a rotation may be easy in this example, but might be difficult

in a more complicated case of a more subtle or complex

motion intermixed within other points. Noticing the groupings,

or even the significant feature of rigid structures, may be

difficult because the members of the group do not have similar

velocities.

Our approach to visualizing vector fields addresses these

issues. To help manage the complexity, we abstract the com-

plex flexibility of the entire object by dividing the object

into groups, each of which has a coherent instantaneous

motion. Grouping not only reduces clutter but also high-

lights coordinated movements which are important features.
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Fig. 2. A simple example of a 2D velocity field illus-

trates several of the issues faced by our approach. The

movement can be grouped into two rotating subsets of

particles. When the instantaneous velocities are drawn as

straight lines, they fail to convey the curved trajectories of

the rotations. The motion of a each group includes a va-

riety of different directions, and the most logical grouping

for a particle may not necessarily be with other particles

with similar velocities. In more complex situations, it can

be difficult to see the logical grouping, however our ap-

proach is able to find and depict them.

Furthermore, in our core application, grouping into domains

that move together is a commonly used technique in analysis

and is relevant and useful to the underlying science that the

model is serving. The instantaneous motion of each group

is approximated using a relatively simple model, however,

the model is capable of capturing many important motions.

Specifically, Section 3 describes how our approach employs

affine velocity models. These models can exactly represent

important categories of motion, such as rotations, and ap-

proximate others. By finding groups that fit these models, our

approach can identify nearly rigid structures and extrapolate

the curved trajectories they create as they rotate. Even if the

model is only an approximation to the actual motion of the

group, it provides a concise description that is convenient for

depiction. It should be noted that our model cannot fully

capture some potential conformational changes of proteins

indicated by normal mode analysis such as twist or screw

motions but in these cases the grouping mechanism will still

effectively find affine groups that together can approximate

these motions.

In Section 4 we describe how our approach automatically

finds groups, by seeking collections of points that fit a common

affine velocity model and are spatially compact. This first step

of our approach takes the collection of point positions and

velocities and produces a segmentation of the points where

each segment has a fit motion model. The next step of our

approach automatically selects glyphs to indicate each of these

motion models. The glyphs are 3D objects designed to convey

the motion that the models extrapolate to, for example showing

the arc that a rotating point will follow, not just its vector.

Section 5 describes the design issues in creating glyphs as well

as an algorithm that automatically creates effective glyphs.

We have created a prototype implementation of our ap-

proach within our system for performing and visualizing

normal mode analysis of proteins. Section 6 describes this

system and some of the results we have obtained with it. We

have also integrated this system into the PyMOL2 molecular

visualization software package, allowing us to get our system

into the workflow of our structural biologist collaborators.

The system demonstrates that we can automatically create

depictions of motions, as well as provide for user adjustment

to tune the results. To date, we have only applied our approach

to molecular visualizations, however, our approach and imple-

mentation are more general.

Contributions: The overall contribution of this paper is to pro-

vide a comprehensive, automated approach for creating static

depictions of the coordinated, complex motions of molecules.

To our knowledge, it is the first approach that can integrate

abstraction, modeling, and depiction of motions for objects

as complex as proteins. The key insight of our approach is

that by using affine models for the vector fields of groups,

we can have compact descriptions of group motions that are

rich enough to capture important categories of movements,

yet are simple and efficient enough for fitting to be used

within clustering algorithms. Specific algorithms are provided

for clustering with group fitting and for creating glyphs from

the groups’ motion. The result is a system that not only creates

illustrations of normal mode motions automatically, but is able

to create illustrations with features (such as curved arrows) that

are challenging to create manually.

2 BACKGROUND AND RELATED WORK

2.1 Target Domain: Normal Mode Analysis

Our motivating application is in helping biochemists under-

stand the large scale motions of proteins. The motion of pro-

teins includes small, sub-nanometer conformational changes

that lower the energy barriers in catalytic processes, inter-

mediate scale conformational changes that support switching

between functional states, or large scale unfolding/refolding

transitions.

Large motions of proteins are difficult to simulate using

detailed models. Therefore, scientists often study them through

the use of coarse-grained models. These are models for protein

motion that simplify either the structure of a protein or the

forces that act upon in a way that makes computation and

interpretation of results easier, for example replacing groups

of atoms with a single group. Normal Mode Analysis (NMA)

is a popular tool for coarse-grained examination of protein

motion. In NMA, an energy model is used to determine the

plausible configurations of the molecule [4]. The models range

from simple mass-spring systems to detailed computations

considering complex force fields. In NMA, the Hessian of the

energy function is evaluated and diagonalized, resulting in a

set of directions (in the configuration space of the molecule)

that the molecule can move without a significant increase in

its energy. Actual motions of the molecule are most likely

to contain significant components in these directions. Specif-

ically, each direction, or mode, consists of a set of vectors

for each block (commonly a single amino acid in a protein)

used in the NMA. These vectors represent a local linearization

of the energy function at the molecule’s current state. These

2. http://www.pymol.org
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vectors represent the relative direction and relative magnitude

of motion of the different pieces of the protein. They do

not specify meaningful magnitudes of actual displacement,

only relative (to other pieces of the molecule) magnitude and

direction of movement.

Coarse grained NMA often uses individual, low-energy

modes or individual (as opposed to aggregated) sets of vectors

to understand potential diffusional behavior over a large (in

molecular terms) timescale. In this use of NMA, structural

biologists typically use individual modes or sets of vectors

as the basis for understanding how different pieces of protein

potentially move to allow or disallow access to potential bind-

ing pockets or how those potential changes support or don’t

support other functionally relevant changes in the proteins

conformation. In our experience, this examination of specific

modes consists of either viewing plots of each individual vec-

tor attached to its block or viewing animations of the molecule

moving in the direction of the vectors. Typically, the 2 or 3

lowest energy modes are examined. It is this examination of

individual modes or sets of vectors that our system is intended

to enhance. Other analysis that are performed using the results

of NMA include finding the potential large groups or dynamic

domains that the molecule consists of. An introduction to the

theory and applications of NMA is provided by Cui et al. [9].

The analysis of proteins using differential motions of nearly-

rigid blocks has been considered by crystallographers for

a long time [8]. Recent algorithms automatically segment

proteins into nearly rigid groups [27]. However, this work does

not consider the depiction of large-scale motions.

There has been considerable work on displaying the mo-

tion of proteins through animation, and effective systems are

common. For example, Daae Lampe et al. [11] use the GPU

to accelerate interactive animation of protein structures using

NMA. Work on static depiction of protein motion [21], [29]

has focused on conveying the positional uncertainty from

vibrations, rather than the larger scale movements we consider.

In our system we use our own implementation of an

anisotropic network model as introduced by Eyal et al. [13]. In

our implementation each amino acid is viewed as its own block

and we use the C-alpha atom position as the block location.

For particularly large molecules it is possible to block by larger

chains of amino acids but this produces less accurate results.

These block locations are used to create a mass-spring network

where each amino acid is a mass and springs at equilibrium

length are created between each pair of amino acids within

a specified cutoff distance. Our system evaluates the Hessian

of the energy function derived from this mass-spring network

and diagonalizes it. The result is a set of directions or vectors

that all of the amino acids can move in. Other tools use the

results of this analysis to displace the molecule along these

vectors in order to make animations. Like these systems, we

make the assumption that all the atoms in an amino acid move

together. In addition to the anisotropic network model, we are

able to import basis vectors from other NMA systems such as

elNémo [32] and NMA systems created by our collaborators.

2.2 Vector Field Visualization

Abstractly, the problem we consider is a variant of vector field

visualization. Because of its importance in fields such as fluid

dynamics, weather, and medical data interpolation, vector field

visualization has developed as an academic discipline, with a

rich literature. Most of the work in this area focuses on flow

visualization, where the vector field is tied to spatial positions

and a stream of particles is considered to flow through the

field, with new particles entering and exiting as necessary.

Molecules (and other structural analysis applications) do not

have these attributes. There is a fixed set of particles and the

velocity field is not stationary (i.e. it moves with the particles).

A simple vector field visualization technique is to display

the vector for each sample/particle, or a subset of them.

The display of the vectors, as small lines or arrows, are

sometimes referred to as hedgehogs, and the flow visualization

community has explored issues in their design, including

using attributes of the hedgehogs to portray other information

such as uncertainty [28] in addition to the vector field. The

hedgehog approach is dominant in current molecular motion

depiction practice, and can be seen in Figures 1 and 2. Hedge-

hog approaches do not scale well to complex motions, but

they do inspire us to consider glyphs design as a mechanism

to convey information about a motion.

More sophisticated vector field visualizations recover trajec-

tories of sample particles by solving the differential equations

governing their motions numerically [25]. Well known meth-

ods include particle advection, streamlines, and line-integral

convolutions. Such methods are difficult to apply when the

field is non-stationary, as accurate integration would require

many re-computations of the vector field. Also, integration is

problematic on irregular grids, and rigid structures give rise

to fields that are notoriously prone to integration error. While

numerical integration-based flow visualization methods do not

apply to our applications, they do inspire us to consider using

trajectories extrapolation by integration for depiction. How-

ever, our approach creates per-group models whose equations

of motion can be integrated symbolically.

Our vector field depiction approach is most akin to the

approaches of simplified representation using arrows [34],

iconic visualization [36] and streamarrows [22], less common

approaches to vector field visualization. In these approaches,

key features of a field are identified or the field is segmented,

and glyphs (or icons) are used to convey them. While we build

on their use of sparse glyphs to convey a vector field, we use

the approach to convey the overall sense of the motion, rather

than specific details. Specifically, the goal of these methods is

to show the flow field itself while our goal is to show near-

rigid motions of pieces of a flexible object. Our methodology,

application, and visual style is different than theirs.

2.3 Approaches to Motion Depiction

The depiction of motion in static images has a long tradition

in art, Cutting provides a survey of the various approaches that

have been used over the past few millennia [10]. Comic book

artists have a particularly rich vocabulary of motion depiction

[23].
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The computer graphics community has explored many of the

artistic approaches in both illustration applications [3], [30]

and video applications [20]. For instance, Collomosse et al.

analyzed the motion of tracked features in a video sequence

and added cartoon-style motion cues in post-production video

such as lines, ghosting and deformation cues [7]. In the area

of illustration, Götzelmann et al. analyzed 3D instructional

animations in order to automatically produce accompanying

illustrative instructions [17], drawing arrows to show anima-

tion paths and Joshi and Rheingans provide a good overview of

illustration inspired techniques to visualize time-varying data

[19].

We are not the first to explore the use of expressive arrows

to depict motion in a computer graphics application. Inverse

storyboarding systems [12], [16] generate motion arrows to in-

dicate camera movements in frame, Telea et al. used arrows to

show vector fields at different levels of simplification [34] and

recent work [6] has considered the use of arrows to indicate

human movements in images created from motion capture.

However, these works consider very different domains with

longer movements of simpler objects than in our application

or of pure flow visualization on regular grids.

2.4 Mathematical Foundations

A key insight in our approach is the use of an affine model

to determine vectors. The applicability of such a model in

the case of rigid transformations is well studied. Chapter 2 of

Murray et al. provides a lucid explanation of rigid motions,

how the differential models are derived, and the insights

behind the exponential maps required to find the trajectories

from the vector models [26].

The more general case of using matrix exponentials for

motion models was introduced to the computer graphics

community by Alexa [1]. They have been applied to numerous

applications, including camera control in 2D [15] and 3D [18].

Our use of the techniques differs from these other applications

as we compute the differential transformations directly, rather

than relying on the computation of matrix logarithms.

3 MOTION MODELING

The overall goal of our system is to effectively illustrate

molecular flexibility using individual modes or sets of vectors

obtained using normal mode analysis. The input to our system

is a single set of vectors or mode and the position of the

molecule and the output is an illustration. The two key steps

in creating this illustration are grouping for abstraction and

effective illustration of the motion or flexibility of these

groups. The key to both of these steps is a motion model that

can be fit to groups of point velocity pairs with measurable

error and that can be effectively extrapolated for illustration

purposes. This section describes a motion model that fits these

requirements. In this and other sections we refer to groups of

points and associated velocities. These points are the positions

of the blocks (typically amino acids) used by the coarse-

grained NMA.

We model the motion of groups of points/particles given the

positions and vectors. Our approach considers a collection of

n particles, each provided with a position and vector, denoted

xi and ẋi respectively.

A group is a set of particles whose motions (i.e. their

vectors) fit (or are at least well-approximated by) a common

model. We denote group j as G j. That is for all points i ∈ G j,

ẋi ≃ fj(xi),

where fj is some function that determines vectors from posi-

tions, specific for each group. We seek to find simple forms

for the functions to provide concise descriptions that capture

the gross description of the movement.

We can measure how well the model fits the provided data

in a least squares sense by:

e j = ∑
i∈G j

‖ẋi − fj(xi)‖
2. (1)

Our approach is to model the vectors using an affine model.

That is,

fj(x) = Mjx+ tj, (2)

where Mj is a 3× 3 matrix, and tj is a 3-vector. These 12

parameters of the model are most conveniently viewed as a

4x4 matrix in homogeneous coordinates,

Aj =

[

Mj tj

0 1

]

so that the function can be applied by matrix multiplication.

Given the set of points in a group, finding the 12 parameters

of the affine model involves minimizing Equation 1, which is a

linear least squares problem. Each point provides a constraint

on the model, specifically, each dimension of each point pro-

vides a linear constraint on a row of Aj. Using homogeneous

coordinates (e.g. extended 3-vectors with a fourth component

with value 1 [31] ), the linear constraints all have the form

wi xi ·
[

0Aj

]T
= wi 0ẋi

where wi is a weight of how much this constraint should

contribute to the solution, and the notation uses the leading

subscript to indicate an element (i.e. the leading zero refers

the top row of Aj and the first element of ẋi). Note that this

equation is repeated for each of the 3 dimensions, but the

left most part is common. Collecting these constraints leads

to sets of linear equations with the same matrix, 4 unknowns

corresponding to the entries in the row of Aj, and a right

hand side corresponding to the collection of the appropriate

components of the vectors.

The sets of linear constraints are solved in a least squares

fashion and there is a separate constraint for each dimension.

Because the systems are small (4 unknowns), we solve them

by forming the normal equations, which leads to the 4× 4

linear system
[

∑
i∈G j

wi xi ⊗xi

]

[

0Aj

]T
= ∑

i∈G j

wi 0ẋi xi (3)

shown here for the first component where ⊗ is the vector

outer product here producing a 4× 4 matrix. Note that the

matrix, formed as the weighted outer products of the positions,
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is constant across all dimensions so it can be factored once.

Because these linear systems are positive definite and symmet-

ric, our preferred implementation uses Cholesky factorization

[35] to provide an efficient mechanism for determining the

model given a set of points, vectors, and weights.

3.1 Affine Exponential Motion Models

The affine motion model of the previous section is convenient

because it is linear, and can be fit efficiently by solving small

linear least squares problems. However, its power comes from

the fact that for many important types of motions, the vectors

are affine functions of the positions and the model fits exactly.

Recall that the model determines the vectors as affine

functions of position. The motions, i.e. the trajectories of the

points, must be determined as the solution of the ordinary

differential equation given by the vectors. The actual motions

(trajectories) seem more intuitive than the vector fields: it is

more common to talk of “an object translating” than “all points

have the same constant velocity.”

Affine motion models are sufficient to model the motions

of a rigid body. If a set of points (G j) is undergoing a rigid

transformation (i.e. a combination of rotation and transla-

tion), then Equation 2 holds exactly, with Mj being a skew-

symmetric matrix with its diagonal elements being zero. A

lucid introduction to these concepts is provided in Chapter 2 of

Murray et al. [26]. The elements of the skew-symmetric Mj are

the angular velocity. A more general class of transformations,

such as scales and shears, can be created by removing the

restrictions on Mj. For our work depicting the flexibility of

molecules we use the full, unrestricted affine model because

it effectively captures the kind of near-rigid motions are

commonly encoded in the analysis that we are illustrating.

It is straightforward to encode the skew symmetry con-

straints on Mj in the least-squares fitting process. Rather than

finding all 12 entries in Aj, the fitting process would determine

the 6 constrained degrees of freedom. In practice, we have

found this unnecessary. All examples in this paper, and in our

work on real domain problems, have used the fully general

solution.

In order to effectively depict the motion of a group with

similar motion, it is necessary to produce a path of motion

that can be used to create a glyph. In order to do this, we

extrapolate a path using the affine motion model starting

from an initial position. Given only the initial positions and

vectors for each point, we assume that the vectors remain

constant during extrapolation. The simple approach would be

to consider points independently, so their constant vectors

lead to linear paths. Instead, we consider the vectors of

groups, given by the velocity model, assuming that the model

computed for the initial configuration remains constant. For a

rotational motion this would be equivalent to computing the

angular velocity in the initial configuration and assuming that

the angular (as opposed to the point-wise) velocity remains

constant. More generally, we assume that the model fit to a

group’s vectors Aj remains constant. The vectors of the points

depend on the current position of the points, so that their

trajectory is determined by:

xi(t) =
∫ t

u=0
ẋi(u)du =

∫ t

u=0
Ajxi(u)du = etAj xi(0) (4)

if point i is in group j so that its vector is determined by

Equation 2. Note that the derivation in Equation 4 uses only

basic calculus, albeit with the slightly unusual aspect of having

a matrix form for the exponential.

If the transformation is rigid, the upper left part of Aj

(Mj) will be skew-symmetric with a zero diagonal, and the

matrix exponential etAj can be computed in closed from

by Rodrigues’ formula [26]. For the more general case of

Aj being an arbitrary matrix, we use the efficient, iterative

algorithm presented by Alexa [1].

If the initial vectors of a group suggest a twisting motion

such as a rotation or spiral, the affine model (12 entries of the

matrix) fit to these vectors will encode it, and the use of this

matrix in the exponential mapping of Equation 4 will give the

expected curved trajectories.

4 FINDING GROUPS

Combining the particles into groups is a central component

of our approach to illustrating molecular flexibility. Grouping

is the primary mechanism we use for abstraction in order to

reduce the amount of information that needs to be presented

to the viewer. Groups are also important since we will define

the motion for them, rather than for individual points.

In some cases, groupings may be provided with the positions

and vectors. For example, if a motion clustering algorithm’s

results or hypotheses about motion coordination are to be

examined, the grouping would come from a domain science-

specific preliminary step. In such cases, motion models are fit

to each group, and the grouping step described in this sec-

tion is skipped. Our implementation supports using provided

groupings. However, we have noted that groupings that are

meaningful for the domain science are not always effective for

motion depiction. This observation has lead to the automated

grouping methods we now describe.

Our approach seeks to segment the collection of points into

groups in a way that will best lead to effective depiction. There

are many criteria for good groups:

1) Each group should fit its model well, that is the sum

of squared errors from the velocity model should be

minimized. Note that this does not necessarily mean that

the group has similar vectors.

2) Larger groups are generally preferred, as this leads to a

greater degree of abstraction.

3) Groups should be connected, not having sub-parts scat-

tered around.

4) Groups should convey the level of abstraction desired

by the user.

These criteria often conflict: for example, larger groups often

have less perfect fits to their models (and therefore more error).

Grouping for motion abstraction provides a clustering prob-

lem that is challenging for a number of reasons. First, we

have many potentially conflicting goals to consider and cannot

cluster based solely on similarity, which rules out many



IEEE TRANSACTIONS ON VISUALIZATION AND COMPUTER GRAPHICS 7

standard clustering algorithms (such as the common k-means

[37]). Second, groups must be of at least a certain size,

otherwise there are insufficient constraints to fit a motion

model, which again rules out a number of standard algorithms

that build groups up from individual elements (e.g. standard

hierarchical clustering). Third, the affinity of a cluster is not

based on the values themselves, but rather on the quality

of the fit of a model to the values, which requires model

fitting to be interleaved within the clustering process as in

an Expectation/Maximization (EM) style approach. Fourth, the

connectedness criterion is not well handled by most clustering

algorithms.

Our solution to motion abstraction combines hierarchical

clustering and EM algorithms, with an explicit bootstrapping

component to handle the small groups. Like hierarchical

clustering, it greedily assembles groups by combining smaller

ones. Like EM algorithms, the approach interleaves model

fitting and cluster formation. We chose an approach based on

hierarchical clustering because it allows the user to vary the

level of abstraction.

A key step within our algorithm is to fit a motion model

to a group as described at the end of Section 3, solving

Equation 3. However, to accommodate smaller groups, as well

as to provide more spatial coherence in the fitting process, we

include points within 10 angstroms of those in the group in the

fitting process. Points that are members of the group are given

a weight of 1, while the added neighbors are given weights

of 1−d/10 where d is the distance from the closest point the

group. The neighbor weights are also reduced by a factor of

1/k where k is the number of points in the group. This prevents

the degenerate cases that can result from smaller groups. We

taper off the influence of surrounding points as the groups

grow rather than simply not using them after a certain group

size because their is no definite cutoff for a safe group size.

Our algorithm proceeds as follows:

1) The algorithm is initialized by creating a group for each

point.

2) For all pairs of neighboring groups, a temporary group

is created, a motion model is fit to each temporary group

and the error is calculated using Equation 1

3) The pair with the least squared error in the fit model is

merged, and its error is stored.

4) Steps 2 and 3 repeat until only 1 group remains and the

result is a binary tree containing all nodes

5) All the clusters that remain unmerged at the desired error

level (default parameter is .5) are filtered by size such

that only clusters of size 5 or greater are made final

groups.

As in traditional hierarchical clustering, our algorithm pro-

duces a binary tree of groups. This allows for rapidly changing

the number of desired clusters without re-running the cluster-

ing process. It is also possible to tune the algorithm by using

different criteria for group quality other than just least squared

error. For example, penalizing larger groups will cause the

algorithm to find more uniformly sized groups. Similarly, a

metric of model suitability can be used to encourage groups

that are meaningful in the scientific domain, for example, a

measure of deviation from skew-symmetry can be incorporated

to encourage rigid groups. In practice we have found simply

using least squared error to be quite effective. Because our

clustering algorithm takes n3 time to complete we have used

several acceleration strategies to make it usable on medium

to large sized proteins. For small proteins (400 amino acids

and less) the clustering takes less than 5 seconds and for

large proteins (2000-3000 amino acids) the clustering takes

around 30 seconds and the results can be cached. More details

on performance are given in the results section. Because

hierarchical clustering produces a tree of groupings, we allow

the user to select the level of abstraction that they desire by

either selecting a desired error level or moving up and down

the level of abstraction by either merges or splits of existing

visible clusters without recomputation of the clustering (for a

given motion our system only needs to cluster once for varying

levels of abstraction).

5 DEPICTING MOTIONS

Given the abstraction of the motion by grouping the points

and fitting velocity models to these groups, the remaining step

of our approach determines how to depict the motion of each

group. Our observation is that showing the trajectory of a small

number of points is sufficient to convey the velocity of a group.

It is important to note that while we are showing instantaneous

velocities of groups, we do this using trajectories because

that is what is available in a static figure. This use is well

understood in the community that utilizes flexibility analysis.

A single trajectory is sufficient to convey a rigid velocity

(or the near rigid aspects of a velocity) well. Therefore, our

depiction strategy is to choose appropriate points and indicate

their trajectories. Note that since we can compute the trajectory

from an arbitrary starting position (from Equation 4) using a

group’s motion, we are not limited to only computing points

within the group. In fact, it is preferable to choose points away

from the objects so that the drawn trajectories do not interfere

with the object itself.

There are several issues in indicating the trajectories, that

we have resolved through the design of the glyphs used to

depict them. Figure 3 shows visual examples of each of these

criteria.

1) Connection between a glyph and its group is important.

We address this by using color to indicate the distinct

groups and using matching colors for the glyphs. The

glyphs are also designed to remain close to their asso-

ciated group. We use a small set of distinct colors in

order to make sure that users can distinguish between

and reference groups by name.

2) If the trajectory is short, it may not curve sufficiently

to suggest the rotation. This is problematic for groups

moving slowly. We address this by decoupling the

depiction of motion “shape” and magnitude. Our glyph

design uses a ”ribbon” that extrapolates the trajectory of

the starting position for a sufficient distance to convey

its shape. A smaller arrow that is a subset of the ribbon

is used to indicate magnitude.

3) The magnitudes of the motions are relative. We address

this by choosing the arrow lengths so that they show rel-
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Fig. 3. A. Glyphs and their associated groups are assigned the same color and glyphs are placed close to their group.

B. The red group has a small velocity and therefore a short arrow. In order to effectively show the path of the red

group, a ribbon that extends beyond the arrow is used. C. The green group has a larger velocity than the red group. To

show this, the green arrow is longer than the red arrow. Note that these velocities are relative velocities and assume

the same frame of reference as the normal mode analysis.

ative velocities. The longest arrow is the fastest motion,

and the other arrows are sized relative to that.

The following subsections detail our methods for automat-

ically creating glyphs that fit this design.

5.1 Depicting The Trajectory of Groups

The main choice in creating a glyph for a group’s motion is the

choice of the starting position for the trajectory that represents

the group’s velocity. A second choice is determining the length

of the trajectory, effectively deciding the interval of time over

which the the equation of motion will be integrated. These

two choices are intertwined: a good starting point is defined

by being a position that generates a good path. Our procedure

for identifying the best point and path is to sample a collection

of possible starting points, generate the paths from each, and

assess each one to choose the best.

We make three requirements for a valid trajectory for a

glyphs (Figure 4 shows a set of valid trajectories for a group)

:

1) The closest particle to any point in the path must be in its

associated group. This criterion ensures that glyphs are

visually associated with their group and prevents glyphs

from interfering with each other.

2) Every point in the path must be more than a specified

distance from all particles. This criterion prevents the

path from occluding the object too severely.

3) Every point in the path must be less than a specified

distance from some particle. This criterion prevents the

glyphs from significantly changing the shape of the

viewing area, or becoming too disconnected from the

object.

Given a starting position x(0), a path can be generated by

using the motion model to generate a trajectory of new points

until that trajectory violates one of the three criteria. A path

is the longest possible trajectory through the starting point.

Our algorithm generates a set of starting positions by

starting in the geometrical center of points of each group and

finding the point p in each direction for a number of directional

samples that lie a certain distance outside all of the particles in

all of the clusters. If the closest particle to p belongs to group

G j, then p is added to the list of potential starting points. An

illustration of the sampling is shown on the left of Figure 4.

Our algorithm scores each candidate starting position’s path

using the following criteria:

1) The arc-length of the path. This criteria prefers longer

paths because they are usually easier to see and visible

from more viewpoints.

2) The inverse of the distance between the plane the path

lies in and the center of its associated group. This criteria

prefers paths that loop around the center of the group,

as such paths are easier to associate with the group.

Our selection algorithm has 3 parameters: the weighting of

the two scoring criteria, and the two distance cutoffs. The

values of the distance cuttoffs are 2.75 units and 12 units, and

the two scoring criteria are equally weighted and normalized

to the range of possible values. We chose to weight the scoring

parameters equally because we found this to be an effective

heuristic because in almost all cases their are large central

regions of the exposed piece of a motion group that fit both

criteria reasonably well but if we allow one criteria or the

other to dominate, it finds edge cases that are undesirable.

Paths are depicted as thin semi-transparent ribbons, with

their edges emphasized by outlining. The orientation of the

ribbon is chosen to be parallel to the axis of rotation as

extracted from the affine model, Mj. We do not directly show

the axis of rotation because of occlusion issues and also

because the exact axis of rotation is less important than the

general direction of relative movement or rotation between

different groups in the molecule and the boundaries between

the groups.

5.2 Depicting Direction and Velocity

While ribbons are an excellent tool for depicting the trajectory

of the motion for the groups, they cannot show the direction

of velocity or relative magnitude between groups. For each

group, a large variable-length arrow is drawn overlayed on the

ribbon, to indicate the direction and relative magnitude of its

velocity. The arrows are drawn to lie along the surface of the
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Fig. 4. (PDB:4AKE) On the left the set of possible starting positions (small yellow spheres) and associated paths

(grey tubes) is shown for the red group. On the right the selected best starting point (light yellow sphere) and path (red

glyph) is shown.

ribbon, but have a slight thickness so that appear to have some

mass, and are more easily visible from a variety of directions.

The arrow is usually placed in the center of the ribbon except

when the arrows are much shorter than the ribbon and then

2 arrows are placed at each third of the ribbon. We use two

arrows in this case so that the relative velocity of the group

can be understood from a large variety of potential viewpoints.

The length of the arrows are chosen such that they convey

the relative velocities of the different groups. Effectively, a

duration of time is chosen and the arrow length is how far

the starting position moves in that period of time, so faster

moving groups have longer arrows. The amount of time is

chosen such that no arrow goes beyond its path, but at least

one arrow fills its path. An example can be seen in the right

hand side of Figure 1. Notice that the length of all arrows

are dictated by the length of the green arrow. The lengths are

chosen such that the green arrow fills its path, and the other

arrows’ lengths are proportional to this. In the case of multiple

arrows, each individual arrow’s length is proportional to the

group’s velocity.

5.3 Depicting Reliability of the Illustration

In order to ensure that users understand how closely the motion

that they believe a glyph depicts matches the actual velocity

of a group, we developed techniques for communicating how

reliably a given glyph depicts the motion of its associated

group. These are optional and in practice are rarely used.

The two issues that are important in communicating the

reliability of our illustrations are communicating the general

level of error in fitting the motion model to a group and

communicating whether or not fit motion model was in fact

close to a rigid motion because our glyphs are designed to

communicate near-rigid motions and the domain science also

assumes a degree of rigidity in groups that move together.

We chose to convey the level of error in fitting the motion

model to the group by simply adding optional error bars to

the glyphs. Rather than using continuous error bars to show

the exact level of error we instead chose to either show no

Fig. 5. Depictions of differing amounts of error. The arrow

on the left indicates a moderate amount of error in the fit

of the motion model and the arrow on the right indicates

a high amount of error in the motion model.

error bars in the case where 90% or more of the velocity of a

group could be explained with the model, small error bars in

the case where 70% or more of the velocity could be explained

with the model and large error bars where 70% or less could

be explained by the model fit to a group. Figure 5 shows an

example of these glyphs.

The second issue, communicating whether or not a given

group’s model depicts a near-rigid motion is somewhat more

difficult. First it is necessary to determine whether a groups

model was near-rigid or not. We perform this measurement by

first finding the nearest pure-rigid motion instantaneous affine

model to the fit model and factoring the pure-rigid component

and a remainder using matrix subtraction (instantaneous veloc-

ity matrices compose by addition and substraction as discussed

by Alexa [1]).

Once the instantaneous affine model is separated into a

rigid and non-rigid component we measure the energy of each

component by recomputing the velocities for each point in

the group for both the rigid and non-rigid components. Once



IEEE TRANSACTIONS ON VISUALIZATION AND COMPUTER GRAPHICS 10

Fig. 6. Depictions of differing amounts of non-rigid en-

ergy. The arrow on the left inidicates a moderate amount

of non-rigid energy and the arrow on the right indicates a

high amount of non-rigid energy.

Fig. 7. An example of our reliability depiction techniques.

The green group has low error and fits a rigid motion

model well. The red and yellow groups have a medium

amount of error and the red group does not fit a rigid

model well.

we have the rigid energy and the non-rigid energy we then

add an optional component to the motion glyphs that lets the

user know whether or not a given glyph contains substantial

non-rigid motion. Specifically, if a user adjustable threshold

(default 25%) or more of energy in the group comes from

non-rigid motion we modify the arrow portion of the glyph

to have large transparent stripes indicating that the arrow may

not tell the whole story of the motion for the group. If a very

large amount of the energy (default 75%) comes from non-

rigid motion we modify the arrow to have very sparse stripes.

Figure 6 demonstrates these modifications to the arrows.

In practice, structural biologists are looking for large, gen-

eral motions without a high degree of accuracy. Therefore, the

reliability is much less important than the abstraction. For this

reason we designed our depictions of the reliability such that

they can be turned on and off easily and do not show them

by default. The main case where they are potentially useful is

when looking at the movement of a specific piece and verifying

that the claims made by the illustration are accurate. Figure 7

shows an example of our error illustration technique.

6 RESULTS

We have implemented our approach to motion depiction within

our system for normal mode analysis of proteins. The images

in this paper and the experiments described were created

with this system or with PyMOL. The system can perform

various types of normal mode analysis to generate potential

motions, or can read in the results generated by other tools. All

molecular motion examples in this paper are based on normal

mode analysis performed by our system.

At present, the system supports displaying molecules us-

ing a space-filling representation (showing solid spheres for

atoms) and the ribbon representation (depicting the nucleotide

backbone of the protein as a ribbon). For space filling repre-

sentations we use ambient occlusion shading [33] to enhance

depth perception. These representations are the fundamental

depictions used in domain journals but in some cases, it is

desirable to combine the different depictions as well as using

a stick and balls depiction. For illustrations that require fine-

grained choices of illustration styles and for integration into

our collaborators workflow we have implemented PyMOL in-

tegration of the system and have also developed a prototype of

Jmol 3 integration. An advantage of our illustration technique

over traditional per amino acid arrows is that a wider range

of molecule depictions can be used without occlusion issues.

The system can allow for user input to improve the quality

of the illustrations. However, for the examples shown in

the paper, the only manual adjustments were to alter the

threshold to select the number of groups in the illustration.

All other parameters for depiction, including arrow generation,

used their default values. All examples in the paper use the

automatic grouping algorithm.

Figures throughout the paper show examples of the illus-

trations created by our system. These examples show the

advantages of our approach. For example in Figure 1 we see

that our technique clearly demonstrates how different parts

of the molecule move at different rates but also shows the

trajectory of motion in the parts with little movement far more

effectively than a hedgehog plot can. In Figure 8, the static

illustrations allow several motions of the same molecule to be

viewed simultaneously and compared. Figures 9 and 13 show

additional examples of illustrations created using our system.

In order to assess the effectiveness of our system for creating

illustrations of protein flexibility we used two methods of

evaluation. First, we used the system to assist our collaborators

in understanding the potential large scale changes of several

proteins studied by them and their collaborators. Second,

we evaluated the effectiveness of our automated illustration

technique on a selection of protein crystal structures for which

normal mode analysis is either known to be or likely to be

interesting. We chose these methods for evaluation because

they address the core of our contribution which is abstracting

a set of displacement vectors down to a small number of

groups and techniques for automatically illustrating the motion

3. http://jmol.sourceforge.net
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Fig. 8. An illustration of 3 different motions of a single molecule (PDB:1HMY), all taken from a similar viewpoint.

Fig. 9. Additional examples of our illustration technique. a) PDB:1X13 b) PDB:8MHT c) and d) 2 different motions of

CalG2 (unpublished) an enzyme that opens and closes its active site while adding sugar substituents to a bacterial

antibiotic compound. d) illustrates this open and closing motion effectively.

of those groups in a way that is as effective or more effective

than animations created from the displacement vectors.

6.1 Informal Use and Assessment of Our System by
Structural Biologists

In order to evaluate the effectiveness of our technique we

used our system to examine the flexibility of several proteins

in a group setting with our collaborators. At first, while our

collaborators responded well to our illustrations they were

unable to use them to gain insights into the function of the

proteins they were working on because of the limitations of

our system’s general molecular visualization capabilities. They

needed several features present in software such as PyMOL

including cartoon renderings, and sequence browsing. In order

to address these issues we developed PyMOL and Jmol export

capabilities in our system. Specifically in the case of PyMOL

export capability we implemented our groupings as colored

selection groups in PyMOL and imported the geometry for the

arrows into PyMOL. Our Jmol export capability is similar but

is integrated into an exported web page that loads Jmol. These

capabilities allowed our collaborators to use the visualization

methods of their choice to examine the protein structures while

maintaining the colorings of our groupings and displaying our

arrows.

After this integration with PyMOL was implemented the

response was overwhelmingly positive. In all cases where

our technique did not catastrophically and detectably fail,

our collaborators agreed that the grouping and illustration

capabilities of our system made normal mode analysis much

more accessible and were able to see which pieces moved

together much more quickly than using animation techniques.

In most cases, after using our illustrations, our collaborators

also wanted to see traditional animations to verify that our

illustrations were correct and in all cases they agreed that

our illustrations effectively abstracted the motion shown using

animation of the protein along the displacement vectors. Figure

10 shows one such protein in PyMOL.

In addition to helping structural biologists understand the

protein structures they work with we used our system to

illustrate the motion of several molecules where the authors

have already used normal mode analysis to make hypothesis

about a proteins motion or function in order to demonstrate

that our illustrations support these hypothesis. Figure 11 is

an illustration of the motion of the domains surrounding the

binding pocket in Adenylate Kinase that facilitate catalysis

[5]. Figure 12 shows the coordinated motion of the nucleotide

binding loop in UDP-glucose Pyrophosphorylase [24]. Our

collaborators have confirmed that these illustrations effectively

show these motions.

6.2 Quantitative Evaluation on an External Dataset

In order to determine how often our technique succeeds

or fails and whether or not it is able to clearly illustrate

the motion on a wide variety of proteins we evaluated its

effectiveness on an external dataset. We chose to use all known

hinge movements for which multiple crystal structures were
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Fig. 10. Our illustration technique integrated into PyMOL.

This allows structural biologists to use our illustrations in a

familiar, powerful molecular visualization tool. This protein

(PDB:4AKE) shows the same motion as Figure 11 with a

lower degree of abstraction and from a different viewpoint.

Fig. 11. The lowest energy mode shows the ’clamp-

ing motion’ of the domains around that binding pocket

that occurs to facilitate catalysis as discussed in [5]

(PDB:4AKE). Our collaborators have confirmed that this

illustration conveys this motion much more effectively than

traditional methods.

available in Molmovdb [14], a webserver of curated known

protein motions which are based on the availability of crystal

structures in different conformations. We chose this dataset

because at least one of every two crystal structures in the

dataset is likely to have interesting low frequency modes. For

each of these crystal structures we determined the following

with the guidance of our collaborators who are domain experts:

1. Did our technique work (i.e did the groupings it found make

sense)? 2. Does the illustration show the same motion as an

animation of the protein along the displacement vectors?

Our technique was effective on 22 out of 33 of the crystal

structures we tested it on, and in all cases where it was

effective the illustration showed the same potential confor-

mational change as the animation did. The failure case that

we encountered is a failure of the clustering algorithm to

generate effective clusterings and instead to snake along the

Fig. 12. Using normal mode analysis, the authors of

McCoy et al. [24] hypothesized that the motion of the

nucleotide binding loop induced by the binding of UDP-

glucose or UTP is coupled with the motion of the carboxyl-

terminal domain. The yellow group consists of the nu-

cleotide binding loop and the carboxyl domain. Our col-

laborators have told us that this illustration effectively

supports this hypothesis.

backbone of the protein. We found that this occurred in cases

where there was a gradual transition between pieces of the

protein that move together rather than definite regions of

coordinated motion. The failure of our technique in these cases

is obvious and does not produce potentially misleading figures.

We believe that in these cases, an illustration technique other

than groupings with motion arrows may be necessary.

6.3 Performance

Our non-optimized prototype can generate illustrations in a

reasonable amount of time: clustering is nearly instantaneous

on a small molecule of less than 300 amino acids, and about

10 seconds on a medium sized molecule (500-1000 amino

acids). For larger molecules, clustering is time consuming. The

largest molecule we segmented had 2537 amino acids and took

183 seconds to cluster. The majority of proteins in the PDB

are of a size that present our clustering technique with no

problems and the clustering is completed with very little wait

time. All of the proteins used in our quantitative evaluation

finished clustering in less than 10 seconds and the majority

completed the clustering process in less than a second. Our

performance measurements were done on an iMac with a 3.06

GHz Intel Core 2 Duo processor. The clustering computation

time is dominated by the finding of nearby points/groups at

each iteration and we have improved this dramatically using

approximate nearest neighbor search [2] and expect that

improved caching will result in additional speedups. In order to

handle larger molecules we would need to add an acceleration

strategy, such as blocking, into the clustering.

7 DISCUSSION

In this paper, we have presented an approach for illustrating

the complex, instantaneous motions of complex objects. Our
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Fig. 13. Illustration of 3 different motions of adenylate kinase (PDB:4AKE).

approach is targeted toward the display of molecular flexibility

computations, particularly Normal Mode Analysis. However,

its input can be any collection of points with associated

vectors. Our approach reduces the complexity of the motion by

abstracting it. The moving points are divided into groups such

that each group has a consistent motion. Glyphs are generated

for each group to convey these motions.

Our conversations with biochemists and professional illus-

trators who create images for biochemistry publications have

suggested the attractiveness of the kinds of illustration created

by our approach and when using our tool to view potential

motions of new crystal structures, our collaborators affirmed

that our tool was much more clear in the presented motion

than the traditional illustrative style when used to illustrate

both known and unknown motions. Curved arrows in 3D are

generally considered too difficult to create manually.

Our method is limited in the complexity of motions it can

handle in several ways:

• We consider individual normal mode vectors, and are,

therefore, limited to the motions that can be described by

a single mode vector. Extending our approach to richer

motion models, such as multi-step NMA or combina-

tions/spaces of modes is a potential avenue for future

work.

• Affine models are not capable of capturing all possible

motions that normal mode analysis can potentially rep-

resent. While richer or different motion models could

potentially capture these motions as coherent groups,

there is a tradeoff between models that are more complex

and capable of capturing a wider range of motions, and

the efficiency and ease of depiction afforded by simpler

models. Piecewise affine velocity models seem to be

a sweet spot in this tradeoff in part because even in

cases where affine models poorly model a motion, our

model is capable of capturing more complexity by using

a larger number of groups where the local motion can be

effectively described using an affine model.

• Our illustration techniques cannot effectively depict all

potential affine motions, in particular those involving

large scaling components. In our application this limita-

tion is not problematic because molecules do not undergo

significant scaling motions.

Other limitations of our current approach that suggest avenues

for future development include:

• At present, we have limited understanding of the percep-

tual issues in the design of arrow glyphs. Our anecdotal

evidence suggests that curved arrows imply rotations, but

it is unclear how curvature, radius, and arc length are

interpreted to assess the parameters of the motion. For

example, it appears that users connote the curvature of

an arrow with the indicated velocity.

• We would like to adapt our approach to support static

depiction of the range of motions in molecular dynamics

trajectories.

• We believe our approach has applicability to applications

beyond illustration of molecular flexibility and hope to

explore these.

The feedback we have gotten on our results has been very

positive and our technique has been used by our collabora-

tors to successfully analyze the flexibility of several protein

structures. The number one question we got when showing

our technique to structural biologists was ’when will it work

in my workflow’ and we have integrated our system with

the PyMOL molecular visualization software to make that

workflow integration possible.
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